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Abstract
Tight triangulated manifolds are generalisations of neighborly triangulations of closed
surfaces and are interesting objects in Combinatorial Topology. Tight triangulated
manifolds are conjectured to be minimal. Except few, all the known tight triangulated
manifolds are stacked. It is known that locally stacked tight triangulated manifolds
are strongly minimal. Except for three infinite series and neighborly surfaces, very few
tight triangulated manifolds are known. From some recent works, we know more on
tight triangulation. In this article, we present a survey on the works done on tight
triangulation. In Section 2, we state some known results on tight triangulations. In
Section 3, we present all the known tight triangulated manifolds. Details are available
in the references mentioned there. In Section 1, we present some essential definitions.
1 Preliminaries
If X is a d-dimensional simplicial complex then, for 0 ≤ j ≤ d, the number of its j-faces is
denoted by fj = fj(X). The number χ(X) :=
∑d
i=0(−1)
ifi is called the Euler characteristic
of X. A simplicial complex X is said to be k-neighborly if fk−1(X) =
(
f0(X)
k
)
. If X is 2-
neighborly then we say X is neighborly.
For any field F, a closed triangulated d-manifoldX is said to be F-orientable ifHd(X;F) 6=
{0}.
A simplicial complex X is called minimal if f0(X) ≤ f0(Y ), for all triangulation Y of the
topological space |X|. A simplicial complex X is called strongly minimal if fi(X) ≤ fi(Y ),
for 0 ≤ i ≤ dim(X) and for all triangulation Y of the topological space |X|.
A triangulated (d + 1)-manifold with non-empty boundary is said to be stacked if all
its interior faces have dimension ≥ d. A closed triangulated d-manifold M is said to be
stacked if M = ∂N for some stacked triangulated (d+ 1)-manifold N . By a stacked sphere
we mean a stacked triangulated sphere. A triangulated manifold is said to be locally stacked
if each vertex link is a stacked sphere. The class K(d) is the set of all locally stacked closed
triangulated d-manifolds. Let K(d) be the class of all simplicial complexes whose vertex-
links are stacked (d − 1)-balls. So, a member of K(d) is a triangulated d-manifold with
boundary.
Let X be a closed connected triangulated d-manifold. Let σ1, σ2 be d-faces and ψ : σ1 →
σ2 a bijection such that u and ψ(u) have no common neighbor in X for each u ∈ σ1. The
simplicial complex Xψ obtained from X \ {σ1, σ2} by identifying u with ψ(u) for all u ∈ σ1
is a triangulated d-manifold and is called the manifold obtained from X by a combinatorial
handle addition. For d ≥ 3, we recursively define the class Hd(k) as follows. (a) Hd(0) is
1
the set of stacked (d − 1)-spheres. (b) A triangulated d-manifold Y is in Hd(k + 1) if it is
obtained from a member of Hd(k) by a combinatorial handle addition. (c) The Walkup’s
class Hd is the union Hd =
⋃
k≥0H
d(k).
For a field F, a simplicial complex X is called F-tight if (i) X is connected, and (ii) for
all induced subcomplexes Y of X and for all 0 ≤ j ≤ dim(X), the morphism Hj(Y ;F) →
Hj(X;F) induced by the inclusion map Y →֒ X is injective.
For a triangulated d-manifold M , let g2(M) := f1(M) − (d + 1)f0(M) +
(
d+2
2
)
. So,
g2(M) ≤
(
f0(M)
2
)
− (d+ 1)f0(M) +
(
d+2
2
)
=
(
f0(M)−d−1
2
)
. If M is F-orientable manifold of
dimension d ≥ 3 then g2(M) ≥
(
d+2
2
)
β1(M ;F) [25]. For d ≥ 3, a triangulated d-manifold M
is called tight-neighborly if
(
f0(M)−d−1
2
)
=
(
d+2
2
)
β1(M ;Z/2Z). So, M is tight-neighborly if
and only if M is neighborly and g2(M) =
(
d+2
2
)
β1(M ;F).
2 Some known results
R01. Let M be a closed triangulated manifold of dimension d ≥ 2. If M is F-tight then M
is F-orientable and neighborly [7].
R02. A closed triangulated 2-manifold M is F-tight ⇐⇒ M is F-orientable and neighborly
[7].
R03. Let M be a closed triangulated 3-manifold. Then
M ∈ H4
[13]
⇐⇒M is stacked
[2]
⇐⇒ g2(M) = 10β1(M ;Z/2Z).
R04. Let M be a locally stacked, F-orientable, closed manifold of dimension d ≥ 3. Then
M is tight-neighborly ⇐⇒ M is F-tight [7].
R05. Let M be a closed triangulated 3-manifold. Then
(a) M is neighborly member of K(3) and is F-orientable 6=⇒M is F-tight [5, 8].
(b) M is neighborly member of K(3) 6=⇒M is stacked [8].
R06. Let M be a closed triangulated 3-manifold and F a field. Then
(a) M is tight-neighborly
[10]
=⇒M ∈ K(3) and M is (Z/2Z)-tight.
(b) M is F-tight, char(F) 6= 2
[8]
=⇒M ∈ K(3).
R07. Let M be a closed, F-orientable triangulated 3-manifold.
(a) M is neighborly member of H4
[13]
⇐⇒ M is stacked and neighborly
[2]
⇐⇒ M is
tight-neighborly
[10, 7]
⇐==⇒M is F-tight and in K(3).
(b) If char(F) 6= 2 then M is tight-neighborly
[10, 7, 8]
⇐====⇒M is F-tight.
R08. Let M be a closed triangulated manifold of dimension d ≥ 4. Then
2
g2(M) =
(
d+2
2
)
β1(M ;Z/2Z)
M is stacked
M is locally stacked M is in Hd+1
def.
ւ
←
→
←
→
↑
↓
def.
[17]
[25]
[25]
def. [13]
R09. Let M be a closed F-orientable triangulated manifold of dimension d ≥ 4. Then
M is neighborly
and stacked
M is neighborly
and in K(d)
M is neighborly
and in Hd+1
M is
tight-neighborly
M is F-tight & βi(M)
= 0 for 1 < i < d− 1
M is strongly
minimal
[13]
տ
def.
ւ
←
→
←
→
↓↓
↑
↓
def.
[17]
[25]
[25]
def. [13]
[16, 7][25]
R10. Let M be a neighbourly stacked triangulated manifold with boundary of dimension
d ≥ 3. Then M is F-tight for any field F [1].
R11. For any field F and d ≥ 4, there does not exist a tight-neighborly triangulated d-
manifold M with β1(M ;F) = 2 [27].
R12. If X is a triangulated 4-manifold then f0(X)(f0(X) − 11) ≥ −15χ(X). Moreover,
f0(X)(f0(X)− 11) = −15χ(X) implies X ∈ K(4) and neighborly [19].
R13. For d ≥ 4, the map M 7→ ∂M is a bijection between K(d+ 1) and K(d) [6].
R14. Let G be a finite graph and T = {Ti}
n
i=1 be a family of (n − d − 1)-vertex induced
subtrees of G. Suppose that (i) any two of the Ti’s intersect, (ii) each vertex of G is
in exactly d+ 2 members of T and (iii) for any two vertices u 6= v of G, u and v are
together in exactly d+1 members of T if and only if uv is an edge of G. Then the pure
(d+1)-dimensional simplicial complex M whose facets are uˆ := {i ∈ {1, . . . , n} : u ∈
Ti}, where u ∈ V (G), is an n-vertex neighborly member of K(d+1), with Λ(M) ∼= G
[15].
R15. For k ≥ 1, let M be a (k + 1)-neighbourly and F-orientable closed triangulated
manifold of dimension 2k. Then M is F-tight [19].
3
3 Examples
3.1 Some tight triangulated manifolds in K(d)
E01. For n ≥ 4, there exist n-vertex neighborly orientable triangulated closed 2-manifolds
if and only if n ≡ 0, 3, 4 or 7 (mod 12) ([26]). All are F-tight, for any field F, by R02.
E02. For n ≥ 6, there exist n-vertex neighborly non-orientable triangulated closed 2-
manifolds if and only if n ≡ 0 or 1 (mod 3), except for n = 7 ([26]). All are
(Z/2Z)-tight by R02.
E03. There is a 15-vertex non-orientable triangulated 4-manifold N 415 with χ(N
4
15) = −4
([4]). By R12, N 415 is neighborly and in K(4). So, N
4
15 is (Z/2Z)-tight and triangulates
(S3×− S
1)#3. Also, by R09, N 415 is tight-neighborly, stacked and in H
5.
[There are exactly 10 such non-orientable manifold with non-trivial (Z/3Z)-symmetry
([28]).]
E04. There is a 15-vertex orientable triangulated 4-manifoldM 415 with χ(M
4
15) = −4 ([28]).
By R12, M 415 is neighborly and in K(4). So, for any field F, M
4
15 is F-tight and trian-
gulates (S3 × S1)#3. Also, by R09, M 415 is tight-neighborly, stacked and in H
5.
[There are exactly 2 such orientable manifold with non-trivial (Z/3Z)-symmetry ([28]).]
E05. For n ∈ {21, 41}, there is an orientable n-vertex triangulated 4-manifold M 4n with
15χ(M 4n ) = −n(n− 11) ([14]). By R12, M
4
n is neighborly and in K(4). By R09, M
4
n
is F-tight, for any field F, and triangulates (S3 × S1)#β1 , where β1 = 1 −
1
2χ(M
4
n) =
1
15
(
n−5
2
)
. Also, by R09, M 4n is tight-neighborly, stacked and in H
5.
E06. For n ∈ {21, 26}, there is a non-orientable n-vertex triangulated 4-manifold N 4n with
15χ(N 4n ) = −n(n− 11) ([14]). By R12, N
4
n is neighborly and in K(4). By R09, N
4
n is
(Z/2Z)-tight and triangulates (S3×− S
1)#β1 , where β1 =
1
15
(
n−5
2
)
. Also, by R09, M 4n
is tight-neighborly, stacked and in H5.
E07. Recently, we found 75 neighbourly, non-orientable, stacked, closed 3-manifolds. By
R07, all are tight-neighborly and (Z/2Z)-tight. These are constructed with the help
of computer and R14. Among these seventy five examples, six are 29-vertex, one
is 49-vertex, fifteen are 49-vertex, forty one are 89-vertex and twelve are 109-vertex
examples [11].
3.2 Some infinite series of neighborly manifolds in K(d)
E08. The standard d-sphere Sdd+2 (the boundary complex of a (d+1)-simplex) is neighborly
and in Hd+1 and F-tight for d ≥ 1 and for any field F.
E09. For d ≥ 2, let B be the stacked (d + 1)-ball whose facets are {i, . . . , i + d + 1},
1 ≤ i ≤ 2d+ 3. Let S := ∂B. Then S is a stacked d-sphere.
Let Kd2d+3 be obtained from S \ {{1, . . . , d + 1}, {2d + 4, . . . , 3d + 4}} by identifying
j with j + 2d + 3, 1 ≤ j ≤ d+ 1. Then Kd2d+3 ∈ K(d) and neighborly. Also K
d
2d+3 is
orientable for d even and non-orientable for d odd. If d ≥ 3 then β1(K
d
2d+3;F) = 1 for
any field F ([18]). By R07 and R09, Kd2d+3 is tight-neighborly for d ≥ 3. If d ≥ 2 is
4
even then, by R02 and R09, Kd2d+3 is F-tight for any field F. If d ≥ 3 is odd then, by
R07 and R09, Kd2d+3 is (Z/2Z)-tight.
[For d ≥ 3, Kd2d+3 is the unique non-simply connected (2d + 3)-vertex triangulated
d-manifold ([3]).]
E10. For d ≥ 2 and n = d2 + 5d + 5, there exists an n-vertex neighborly stacked (d + 1)-
manifold with boundary M
d+1
n (in K(5)). Also, β1(M
d+1
n ;F) =
(
n−d−1
2
)
/
(
d+2
2
)
=
d2 + 5d + 6 for any field F ([15]). This was constructed using R14. The dual graph
Λ(M
5
41) of M
5
41 is given in Figure 1. (For a vertex i of M
5
41, let Vi be the set of
facets of M
5
41 containing i. Let Ti be the induced subgraph Λ(M
5
41)[Vi]. Then Ti is a
tree.) By R10, M
d+1
n is F-tight for any field F. The cyclic group Z/nZ acts on M
d+1
n
vertex-transitively.
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Figure 1: Graph Λ(M
5
41) and the tree T1 in black
E11. For d ≥ 2 and n = d2 + 5d + 5, let Mdn := ∂M
d+1
n , where M
d+1
n as in E10. Then
Mdn ∈ H
d+1 and neighborly. Moreover, Mdn is orientable for d even and non-orientable
for d odd ([15]). By R02, R07 and R09, we have the following: (a) Mdn is F-tight for
any field F if d is even and is (Z/2Z)-tight if d is odd. (b) Mdn is tight-neighborly for
d ≥ 3. (c) β1(M
d
n ;F) =
(
n−d−1
2
)
/
(
d+2
2
)
= d2 + 5d + 6 for d ≥ 3 and any field F. (d)
If d ≥ 2 is even then Mdn triangulates (S
d−1× S1)#β and if d ≥ 3 is odd then Mdn
triangulates (Sd−1×− S
1)#β, where β = d2+5d+6. (e) Mdn is strongly minimal for all
d. (f) Z/nZ acts vertex-transitively on Mdn for all d.
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3.3 Known neighborly members of K(d) for d ≥ 3
β1(K) d f0(K) K |K| References
0 d d+ 2 Sdd+2 S
d E08
1 d even 2d+ 3 Kd2d+3 S
d−1 × S1 E09, [18]
,, d odd ,, ,, Sd−1 × S1 ,,
1
10
(
f0−4
2
)
3 20ℓ+ 9, 1 ≤ ℓ ≤ 5 ∃ 75 (S2 × S1)#β1 E07, [11]
2 d ≥ 4 − 6∃ R11, [27]
3 4 15 N415 (S
3 × S1)#3 E03, [4]
,, ,, ,, M415 (S
3 × S1)#3 E04, [28]
8 4 21 M421 (S
3 × S1)#8 E05, [14]
,, ,, ,, N421 (S
3 × S1)#8 E06, ,,
14 4 26 N426 (S
3 × S1)#14 E06, [14]
2
(
d+3
2
)
d even d2 + 5d+ 5 Mdn (S
d−1 × S1)#β1 E11, [15]
,, d odd ,, ,, (Sd−1 × S1)#β1 ,,
3.4 Some tight triangulated manifolds outside K(d)
E12. Lutz constructed two 12-vertex triangulations of S 2 × S 3 [22]. Both are F-tight for
any field F.
E13. Only finitely many 2k-dimensional (k+1)-neighbourly triangulated closed manifolds
are known for k ≥ 2. By R15, they are all F-tight. These examples are :
(a) the 9-vertex triangulation of CP 2 due to Ku¨hnel [20],
(b) six 15-vertex triangulations of homology HP 2 (three due to Brehm and Ku¨hnel
[9] and three more due to Lutz [23]),
(c) the 16-vertex triangulation of a K3-surface due to Casella and Ku¨hnel [12], and
(d) two 13-vertex triangulations of S 3 × S 3 due to Lutz [22].
E14. Apart from above, we know only two tight triangulated manifolds. These are :
(a) A 15-vertex triangulation of (S3×− S
1)#(CP 2)#5 due to Lutz [22]. It is non-
orientable and (Z/2Z)-tight.
(b) A 13-vertex triangulation of SU(3)/SO(3) due to Lutz [22]. It is 3-neighbourly,
orientable and (Z/2Z)-tight.
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